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ABSTRACT 

Conditions which guarantee the validity of the use of Lord Kelvin's method of 
electrostatic images to find Green functions of the unbounded Green domains 
in the plane are examined. 

Introduction 

One way of defining the Green function of a bounded domain D is 

Y) = I log ]z - y I Po (x, dz) - log {x - y [ Go (x, 

where Po(x, dz) is the harmonic measure at x with respect to the domain D. For 

unbounded open sets the situation is more complicated. An unbounded open 

set may not possess a Green function and even when it does possess one, this. 

function cannot in general be defined by the above "formula" .  The complement 

of the unit disc is a case in point; it is a Green domain but its Green function 

does not obey the above formula . .  

In some physics and 'mathematical  physics books the Green functions of 

certain - -  admittedly simple - -  domains are found by the ingenious method of 

"electrostatic images" due to Lord Kelvin. The method of images consists in 

guessing, using some symmetry of the domain, a simple distribution of charges 

outside the domain, whose potential on the boundary equals that due to a point 

charge inside the domain. One then uses the above formula to compute the 

Green function. This is the case for example with the upper half plane, a wedge, 

a strip, a quadrant etc. It seems to us that two assumptions are implicit in this 

line of reasoning: first, that the above formula is valid and, second, that the 

outer distribution of charges and the charge induced on the boundary due to the 

point charge inside give rise to the same field inside the domain. Physically 

perhaps this is obvious, but no mathematical reason is given. Mathematically 
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speaking, these two assumptions warrant justification, since we are dealing 

with unbounded domains and harmonic functions with unbounded boundary 

values. It is probably not out of place to add that in each of the above cases one 

can justify this procedure. 

One of the main results of this paper is Theorem 10 which gives a necessary 

and sufficient condition for the validity of the above formula. It will transpire 

that the Physicists are entirely justified in their assumptions. 

Our methods are probabilistic and the'language of Brownian motion will be 

used throughout. 

Notation 

x, will denote the standard Brownian motion in R 2. For x ~ R 2, Ixl will denote 

its norm. For an open set D the first exit time alter zero from D, notation To or, 

for simplicity, T is defined by 

T = inf(t  : t  > 0  x,~_D). 

= oc if no such t exists. 

P, ,E,  denote the probability and expectation corresponding to the starting 

point x. For T as above it is well known that 

P ~ ( T = O ) = i  or 0 

for every x E R 2. A point x E aD will be called regular if 

P , ( T = O )  = I. 

Otherwise it is called irregular. The set of regular points will be denoted by 

r(D). 

Preliminaries 

PROPOSITION 1. If s is superharmonic in an open set G, D a bounded open set 

with D C G, T = exit time after zero from D, then 

u(x)-- E~[s(xT)], x ~ G 

is superharmonic in G, harmonic in D, u <= s and 

u ( x ) = s ( x )  if x E r ( D ) U ( G \ f ) ) .  

In brief the outline of a proof is: Superharmonicity is a local property. Since 

s is bounded below on a neighbourhood of /5 ,  one need only consider the case 
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S __>-0 on G. Because s is then an increasing limit of bounded continuous 

superharmonic (on G) functions one assumes that s is bounded and continu- 

ous. s(x,)l t<s is then a continuous non-negative supermartingale where S = 

exit time from G. That T = lim(t + T(O,)) with 0, the shift operator x,,(O,) = x,,., 

and the optional sampling theorem for supermartingales can be used to show 

that u is excessive, i.e., that u is superharmonic on G. 

Let us remark in passing that boundedness of D is not needed in Proposition 

1 if s is assumed non-negative; this is clear from the above outline. Proposition 

i is valid in any dimension. 

PROPOSITION 2. The set o f  irregular points in OD has 2-dimensional  Lebes-  

gue measure zero. 

The proof is given below. In fact the set of irregular points has capacity 

(logarithmic) zero; this fact, known as Kellog-Evans theorem, is however much 

harder to prove than Proposition 2. 

We shall write 

1 (l) K(x)  = log ~-~ , x ~ 0  

= o 0  , X = 0 .  

K is superharmonic on R 2 and is harmonic in the complement of the origin. 

PROPOSmON 3. Let  D be a bounded open set and T = first exit time after 

zero from D. For all x, y E R 2 

(2) E~ [ K ( x T  - y) ]  -- E,  [ K ( x ~  - x) ] .  

PROOF. Fix Xo • D. Let u and v denote the left and right side of (2) with x 

replaced by Xo. u and v are superharmonic on R 2 and harmonic in D. That u is 

superharmonic is a consequence of Fubini's theorem and the superharmonicity 

of K while the superharmonicity of v is a consequence of Proposition I. Let B. 

be a sequence of open sets with Xo E B,, /~,  C B,+, and union U B, = D. Denote 

by T, the exit time after zero from B,. u is harmonic in D and D is a 

neighbourhood of /~,. For y E/~,  then 

(3) u ( y )  = E~[u(x~.) ] ,  y ~ ~.. 

For all z, u ( z )  <- K ( x o -  z) ,  because for fixed z, K(- - z) is superharmonic and 

Proposition l applies. From (3): 
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(4) u(y)  = E,[u(xr.)] <-_ E~tK(xr, - Xo)], y ~ / ] , .  

Letting n tend to infinity in (4), by bounded convergence (recall xo C B, and 

xr~ E OB.): 
(5) u ( y ) =  < Ey[K(xr-Xo)] = v(y), y ~ D. 

Xo E D is arbitrary, by symmetry,  (5) implies (2) for all x, y E D. In particular, 

(6) u(y)  = v(y), y E D. 

Write s . ( y ) =  E,o[K(xr.-y)]. s, are superharmonic and decrease as n in- 

creases. If .f is bounded Borel with compact support, fK(z -y) f (y )dy  is a 

continuous function of z on R 2. (see [2] pp. 119). 

f u(y)f(y)dy = E [f K(xr -  y)f(y)dy] 

= E~o[iimf K(xr.-y)f(y)dy] 

since Xo being in D, P~o(To 1' T) = 1, 

= l im f [(y)s.(y)dy = f f(y)lims.(y)dy. 

Showing that u ( y ) = l i m s . ( y )  for almost all y. If y ~ D ,  s . ( y ) =  K ( x 0 - y )  

because K ( . -  y) is then harmonic in D which is a neighbourhood of /~.. In 

particular, we see that u ( y ) =  K(xo-y)  for almost all y E  D. 

Now let us digress and prove Proposition 2. If b E 9D is irregular, the 

Brownian path starting at b spends a positive time in D and this time must be 

spent in a connected component of D. This means that if b E OD is irregular, it 

must be the boundary point of a connected component of D. We may thus 

assume D is connected. We claim then K(xo-b) -u (b )>O.  Otherwise by 

lower semi-continuity of u, 

lira sup [ K ( x o -  y)  - u ( y ) ]  _-< K ( x o -  b ) -  u(b) = O. 
D ~ y ~ b  

K(xo-.  ) - u(. ) is therefore a "barrier" at b and b is regular (see Proposition 

1 I). Since u (y) = K (x0 - y) for almost all y C D, we have shown Proposition 2. 

We continue with the proof of Proposition 3. Clearly K(xo- y) = v(y) for 

y ~ / )  or if y E OD is regular. The set of irregular points in ,~D having measure 

zero, u(y)  thus equals v(y) for almost all y C D  and together with (6), 

u(y)  = v(y) for almost all y E R 2. This is valid for any Xo~ D. We have thus 

shown 
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(7) E ~ l K ( x r - y ) ] = E ~ [ K ( x r - x ) ] ,  x E D ,  y E R  2. 

Now suppose x =XoE  aD and regular. The left side of (2) is then -= 

K ( x o -  y). If y 6~ D, (7) implies E~,[K(xr - Xo)] = Exo[K(xT- Y)I = K ( x o -  y). If 

y Z / )  or in aD and regular, the right side of (2) equals K ( x o - y ) .  Thus if 
II  

x = Xo ~ aD and regular Exo[K(xr - y)] = Ey [K(x.r -Xo)] except  perhaps when 

y E aD and irregular. Proposition 2 forces identity: 

(8) E ~ [ K ( x r - y ) ] = E ~ [ K ( x r - x ) ] ,  x E D U r ( D ) ,  y E R  2. 

For a fixed y E R 2, by (8) the left and right sides of (2) coincide except  perhaps 

for x E aD that are irregular. One more appeal to Proposition 2 and we are 

done. That proves the proposition. 

REMARK 1. In R ~, d _-> 3, the fundamental superharmonic functions are 

]xl -~.2. The same proof shows that Proposition 3 is valid for R e for any d. If 

d _-> 3 one need not assume that D is bounded. 

REMARK 2. For an open set D having a Green function, Hunt in [3] shows 

that a reasonable version q (t, x, y) of a density of the measure Px Ix, E dy, t < T] 

can be chosen, such that q ( t , x , y )  is symmetric in x and y for all x,y. He then 

puts G ( x , y ) = f o q ( t , x , y ) d t ,  shows that it is finite if x ~ y  and that its 

restriction to D • D is the Green function of D. It seems to us that to deduce 

Proposition 3 from this result we must go through the proof of Proposition 3; 

this is due to the occurance of infinities. On the other hand, consider the 

following: Fix a > 0 .  A non-negative function s is called a-excess ive  iff 

e-~'E~[s(x,)]<-s(x) for all t and lim,~oE~[s(x,)] = s(x) .  We see at once from 

this definition that two a -excess ive  functions equal almost everywhere  are 

identical. If D is open, T -- exit time after zero from D and s a-excess ive ,  so is 

u(x)  = E~[e-~ Now let for x E R u. 

fo ~ /V/~a \  ~/2-, 
L ( x ) =  e-~'(27rt)-~/2e '~'~2'dt = 2(27r)-~/2{~7i-} K~/2-,(X/-~alx[), 

\ [.x] / 

where K denotes the modified Bessel function of the third kind. L is 

a -excess ive  and off the origin AL - - 2 a L  where A is the Laplacian. Simple 

adaptation of the proof of Proposition 3 shows that for all x,y, 

E,[e-~r L(xr  - y)] = Ey[e-~r L(xr  - x)]. 

Using this, it is not difficult to show that q (t, x, y) is symmetric in x and y where 
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q (t, X, y) is an upper semi continuous version of the density of P~ [xr E dy, t < 

T]. We omit the details. 

We shall need a corollary of Proposition 3: 

COROLLARY 4. Let D be bounded open and Xo E D. I f  yo E OD is regular 

(9) lim 
D ~ y ~ y o  

I f  yo E OD is irregular 

Exo[K(xr - y)] = K ( x o -  yo). 

(lo) lim inf E~o[K(xT - y)] = Exo[K(xT - yo)]. 
D ~ y ~ y o  

PROOF. (9) follows from (2) if we note that K(- -Xo)  is continuous on 0D. 

(10) follows from the following more general proposition. 

PROPOSITION 5. Let s be superharmonic in an open set G and D a bounded 

open set with if) c G. For each yo ~ OD that is irregular 

lim inf s ( y )  = S(yo). 
D ~ y ~ y o  

PROOF We need only restrict ourselves to a neighbourhood of /) and 

therefore we may assume that s is excessive in G. If T denotes the exit time 

after zero from D, 

s(yo) _- E,o[S(Xr^,): t < S] 

where S = exit time from G. Letting t , -+0 ,  

s(yo) > Eyo [ lim,._.oinf s(x,.)l , .<rl>-s(yo). 

For t. < T, s (x,.) E D. That completes the proof. 

We omit the proof of the following simple proposition. K* and K -  denote: 

K + = K  v0, - K - - - K ^ O .  

PROPOSITION 6. Let m be a finte measure on the plane. Then either f lK  ( . -  

y ) l m ( d y ) -  ~ or f l K ( . - y ) l m ( d y )  is locally integrable. In the latter case 

f K - ( x  - y)m(dy)  is finite for all x, f K ( . -  y)m(dy)  is superharmonic on the 

plane, harmonic off the support o[ m, and for any x, f K ( x  - y)m(dy)  = ~ iff 

f l K ( x  - y ) lm(dy)  = 2. 
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Let  D be an unbounded open set and D. an increasing sequence of bounded 

open sets with union D. The Green functions of D. increase to a limit which is 

either - ~ on D or is finite off the diagonal of D x D. In the latter case we say 

that D is Greenian or that D has a Green function and the limit which is 

independent  of the exhausting sequence D. is called the Green function of D. It 

can be shown that D is Greenian iff P ~ ( T  < :~) = I for  all x E R 2 where T is the 

first exit time af ter  zero f rom D. All the open sets considered in this paper  will 

be assumed to have Green functions.  

Given D, let D. = B. 71D where B. is the disc of radius n, centre 0: 

B. = (x : I x [ <  n). Put 

(11) s , ( x , y ) = E ~ [ K ( x r , - y ) ] , x ,  y E R 2 ,  T . = e x i t t i m e f r o m D o .  

s . ( x , . )  are superharmonic  on R 2 and decrease.  Let 

(I2) s ( x ,  y) = lira s , ( x ,  y) 

s ( x , y )  may a pr ior i  be -o~. If x ~ / 5  or x E a D  is regular s ( x , y )  = s , ( x , y )  = 

K ( x  - y) for all y. The only interesting cases are x E D and x ~ OD is irregular. 

It will transpire that s ( x ,  y ) >  - ~  in these cases also. s is symmetr ic  because 

the s, are (Proposition 3). 

Suppose x o E D ,  y o E D .  D being Greenian S(xo, yo)>  - ~ ,  From an n on 

I x r . -  YoI is clearly bounded below and K ( x r . -  yo) is then bounded above.  

Fatou L e m m a  is applicable: 

- ~ < S(Xo, yo) -<- E~o[lim sup K(xr .  - y0)] 

= Exo[K(xr  - yo)]. 

K ( x T  - yo) being bounded above,  E,o[K (xT - yo)] makes  sense and f rom the last 

inequality we deduce that E x o [ i K ( x T - y o ) l ] < ~ .  By Proposit ion 6, 

E x o [ K - ( x T -  y)] is finite for all y. For any y then 

(13) E ~ [ K ( x T .  - y)] = Exo[K§ - - y) :  T. = T] 

- E~o[K-(XT - y) :  7'. = T] 

+ E~o[K (x-~. - y) : 7", < T]. 

Pxo(T. < T )  tends to zero. On the set T. < T, Ixr. I = n and 

Ix .-yl 
n 

tends boundedly to I. Putting y = y0 in (13) and taking limits shows (since 
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E~o[IK(xT - Yo)l] < o~ and S(Xo, Yo) > - :~ that  l im,_~( log  n ) .  Pro(T, < T)  exis ts  

and is finite. For  any  y then 

S(Xo, y )  = E~oI K+(xr  - y ) ] -  Exo[ K - ( x T  - y)] 

- lim (log n )Pxo(T, < T) .  

The  left  side of  the last equal i ty  can at wors t  be -o~ whereas  the right side at  

wors t  + ~. One  conc ludes  that  S(Xo, y)  > - ~ for  all y and E~o[IK(XT - Y)I] < ~ 

for  all y. s is symmet r i c .  So s ( x , y ) >  - : c  to r  all x p rov ided  y E D .  

Le t  XoE OD be i r regular  and y o E  D. s(xo, y o ) > - o o .  As b e f o r e  (s ince 

[xr, - Yol is bounded  below) ,  Exo[IK(xT - Yo)l] < ~. Repet i t ion  of  the a r g u m e n t s  

in the last pa rag raph  show that  Exo[IK(XT - Y)I] < ~ for  all y and S(Xo, y) > - :~ 

for  all y. We s ta te  all this in 

LEMMA 7. 

(14) 

With  the above  no ta t ion  

s ( x , y )  = E ~ [ K ( X T -  y ) ] -  a ( x ) ,  x , y  E R 2 

a ( x )  = !imm (log n)P~(T ,  < T) ,  x E R ~ 

I f  x E D or  x E aD is irregular, E~ [IK(xT -- Y)I] < oc f o r  all y and 

lim E x [ l K ( x ~ o  - y)]] = E ~ [ I K ( x T  - Y)I] + a (x ) ,  x ,  y ~ R 2 

where a ( x )  is defined in (14). 

T o  cont inue ,  let x o • D  or X o E O D  and irregular.  We have  seen that  

E~o[K(xr - .  )] is a finite lower  semi con t inuous  func t ion  on R 2. The  exp re s s ion  

(15) G(xo, y)  = K ( x o -  y)  - S(Xo, y)  

= K ( x o -  y ) -  Exo[K(xr - Y)] + a(xo) 

m a k e s  sense ,  is finite e v e r y w h e r e  excep t  at y = Xo, is non-nega t ive  (s ince 

K _>- s, and s =< s , )  and is upper  semi  cont inuous .  We now show that  outs ide  of  

e v e r y  ne ighbou r hood  of  Xo it is a bounded  func t ion  of  y. B e c a u s e  of  uppe r  

semi-con t inu i ty ,  it is enough  to show that  it is b o u n d e d  at o~. ]xT-YI<---- 

]XT -- XOl + IXo-- y [- Since Exo[[K (xr  - Xo)l] < :r log (]xr - y I)/(Ixo- y l) is b o u n d e d  

a b o v e  by  an integrable  func t ion  and tends  tq 1 as y ~ oc. By  F a t o u ' s  l emma,  

(16) lim sup {K(xo- y) - E~o[K(xT - y)]} _-< 0, 
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proving that lim sup,_| G(xo, y) < a(xo). 

LEMMA 8. Let Xo E D or Xo E aD be irregular, s. (Xo, y) conoerges uniformly 

on compact  sets to 

S(Xo, y) = E~o[ K (XT - y)] - a(xo). 

PROOF. For all m and z, 

0 <= K ( x o -  z ) -  s~(xo, z)  <= K ( x o -  z) - S(Xo, Z) 

= G(xo, Z). 

By strong Markov property and Proposition 3 

s.(xo, y ) - s m ( x o ,  y) 

= E , [ K ( x r  - X o ) - E x T . [ K ( x r ,  -x0]  : T. < T,.] 

= E~[K(xrn -Xo)-Sm(Xo,  XT.):T.  < Tin] 

<=E,[G(xo, Xr,): T. < T]. 

On the set T. < T, Ixrot - n. We have seen that away from xo, G is bounded. It is 

easy to show that Py(T. < T) tends to zero uniformly on compact  sets. That 

proves the lemma. 

Lemma 8 and Corollary 4 give 

COROLLARY 9. For x E R 2 and b E aD 

(17) lim inf Ex[K(x~- - y)] = E~[K(xr - b)]. 
D ~ y ~ b  

If b ~ aD is regular the l iminf in (17) can be replaced by a limit. If b E  F) or 

b E aD and is regular 

(18) E . [ K ( X T -  b)] = K ( x  - b )+  a(x) .  

Clearly Corollary 9 saysno th ing  i f . x ~ / 5  or x E aD and is regular. 

It is possible to show that: a is non-negative harmonic in D, limo~x--b a (x) = 0 

if b E aD is regular, 

a(x)<-21og [ x I + O ( I )  

a(x )  = - lim inf{K(x - y) - Ex [K(xr  - y)]} 
y ~  

= l i m s u p G ( x , y ) .  
y ~  
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Applications 

In very simple cases (18) can be used to find a. If D is the complement  of the 

closed unit disc and b = 0 we get at once from (18) a(x )  = Ioglxl for Ix I > I. If 

D is the upper half plane, xr lies on the real axis. For any b of the form 

b = ( 0 , - n )  and z real, clearly Iz-bl>-_n.  It follows that Ex[K(xr -b ) ]< =  

log 1/n. Using (I 8) and letting n -~, 0% we get a (x) _-< 0, i.e., a = 0. Consider again 

the strip ( 0 < I m z < l ) = D .  For zE ,gD,  ] z - n l > - n - I  so that for x E D ,  

E ~ [ K ( x r - n ) ]  =<log(I/(n - 1 ) ) .  Use (18) and let n ~ to get a =- 0. Similar 

arguments can be used to show that a = 0 for a wedge, a quadrant,  etc. One 

may expect  that simple connectivi ty of a Green domain is sufficient to 

guarantee that a = 0. This will turn out to be correct .  

Again in some simple cases, (18) can be used to compute  the harmonic 

measure at x, i.e., the distribution of xr relative to P,. As an example, consider 

D = the upper half plane. Denote the points on the plane by (x,y). If b > 0 the 

point ( a , - b )  ~ D. From (18): 

f l o g  )2+ b2]p,~.,,(dz = - )2 + b)2], [(z a ) log [(x a + (y 

where P,. ,~(dz)= P~.y~(xr E dz). Differentiate both sides relative to b: 

f b = y + b P(~ y)( dz ) ( a _ z ) 2 + b 2  . ( x _ a ) 2 + ( y + b )  2 �9 

Multiply both sides by e ~ and integrate relative to da from - ~  to ~c: 

e -I,,'b/b(~.,,( a ) = e '~ ~ f":'Y ~b) 

where fi(~.y~(et) = f e '~ P~.~(dz). Inversion shows that P~.,~(dz) has density 

1 y 
rr (x - z)~ + y ~ " 

We have thus found the Poisson kernel for the half plane ((x, y ) : y  > 0). 

As another  example,  consider the strip ((x, y): 0 < x < 1) = D. Fix (x, y ) E  D. 

P~,y~(xr ~ dz) lives on the lines x = 0 and x = 1. Denote these parts by Q0 and 

Q, respectively.  If a > 1 the point (a ,b )~ .  D. From (t8): 

I log[a2 + ( b - z ) 2 ] O o ( d z ) +  f log[(a-l)~+(b-z)2]O,(dz) 
= log [(x - a )2 + (y _ b )2]. 

As before differentiating relative to a then multiplying both sides by e '~b and 

integrating relative to db f rom - ~  to ~: 
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(~o(a) + e '~' O , (a )  = e I~lx e '~y 

where (~ (a )  = f e'~Q~(dz), j = O, I. 

Also the point ( -a ,b) fY_ 0 if a > 0. Repetition of the above leads to: 

Qo(a) + e-I~l (~,(a) = e -I~'X e '~' 

We must thus have 

e,~,[! z,~' . . . .  - e -  ] Q , ( a ) = e ' ~ [ e ~ - e  -'~'~] 

which expands into 

o 

Q,(dz) thus has density 

1, ,~,  I 2 n + l - x  2 n + l + x  / 
7r -g /(2n + I - x ) 2 + ( y  - z ) : - ( 2 n  + 1 + x ) 2 + ( y  - z ) ~ /  

and Qo(dz) has density 

1 ,~, J 2n + x  2n + 2 - x  / 
"-g l ( 2 n + x ) 2 + ( y - z )  ~ ( 2 n + 2 - x ) 2 + ( y - z )  ~/ " 

The above can be interpreted in the "image method".  

323 

The main result 

Let  D be an unbounded connected open set having a Green function. We 

shall call ~ regular relative to D if l imo~y~ GD(xo, y) = 0 for some (and hence 

for all) Xo E D where Go the Green function for D is given by 

G o ( x , y ) = K ( z - y ) - E ~ [ K ( x r - y ) ] + a ( x ) ,  x, y E D  

with a defined in (14). 

THEOREM 10. Let D be an unbounded Green domain. 

(19) Go(x, y) = K ( x  - y) - Ex [K(x r  - y)] 

iff ~ is regular relative to D. Further i.f ~ is regular relative to D, [or each y E D 

or y ~ OD regular 

(19)' K ( x - y ) = E x [ K ( x r - y ) ] ,  x E R  2. 
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PROOF. Suppose (19) holds. We must show that for each x o E D ,  

lim Go(xo, y) = 0 as y tends to ~ in D. From (16) lim supo~,-~ Go(xo, y) _--- 0. On 

the other hand, if (19) is valid, lira info~-~ Go(xo, y) >= O, (since Go(xo, y) >-- 0). 

That proves that ~ must be regular. 

In the other direction assume that ~ is regular. Assume also without loss of 

generality that 0 ~ D. Dente by Dr the open image of D under the map z ---, I/z. 

Then it is known that for x, y E D 

where Go, is the Green function for D,. ~ is regular for D iff 0 is regular for D,. 

It is not difficult to show that for any x E D, the image under the map z ~ I/z of 

the harmonic measure PD(x, dz)  relative to D is the harmonic measure 

Po,(llx, dz)  relative to D,. From (20): 

where a, corresponds to Dr as in Lemma 8 and T, is the exit time after zero 

from Dr: 

1 1 
= K ( / - I ) +  f l o g  z - y  P ~  

= K ( x - y )  + log [xy I - Ex[K(xr-y)]- f loglyzlPo(x, dz)+a,(i) 

Since 0 is regular for D,, putting yo = 0 in (18) we get 

- E1  [log[xr,[] = - log i--~--i + a , ( / ) .  

This shows that 

Go(x, y) = K ( x  - y) - Ex [K(xr  - y)] ,  

= 0, (19)' follows from (18). That completes the and that proves (19). Since a 

proof. 

Concluding remarks 

For the validity of Th. 10, the regularity of ~ for the domain must be 

checked. Since the Green function cannot in general be given explicitly, the 
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definition of regularity given above is not very useful. Of course, we could 

invert in a circle and check regularity this way. Several sut~cient conditions for 

regularity are known. Simplest geometrical condition for regularity is the 

following well-known criterion: 

PROPOSmON 11. I f  a E aD is conta ined  in a con t inuum conta ined  in the 

c o m p l e m e n t  o f  D, then a is regular for  D. 

We present a short proof here. For other proofs see Heinz ([ll p. 93) and 

Helms ([21 p. 216). 

PROOF OF PROPOSmON 1 I. Let a E F C R 2 \ D  be a continuum. If r is small, 

F n (x :Ix - a l >-- r) ~ ~ .  Let D, be the open set 

D, = (x :Ix - a l < r ) \ F .  

D, is bounded open and aD, is connected. D, is then simply connected. By the 

Riemann mapping theorem, there is a 1-1 holomorphic map f defined on D, 

onto the open unit disc. Put h ( x )  = I - I f (x) l .  h has the following properties: h 

is positive, h is superharmonic on D and l imx_~o,h(x)  = 0, i.e., h is a "barrier". 

Every point xo E aD~ is then regular for D~. If not, let Xo E aD and assume that 

P,~(T > 0 ) =  1 where T = exit time after zero from D,. 

E,~[h (x, § ) : t + s < T] = E~o[Ex , (h (x,) : s < T) : t < T] 

<- E,o[h(x,)  : t < T] 

because relative to Pb for each b E DI, h is excessive. Letting t---~0 and 

recalling that lim h (y) = 0 as D, ~ y ~ Xo, we get lim,~oExo[h (x , . , )  : t + s < T] = 

0. On the other hand, 

E~o[h(x,+~):t + s <  T]>_- Exo [ lim inf h(x,§ ] lim 
J 

= Exo[h(x , ) : s  < T] > 0  

since for s < T, x, ~ D and h > 0 on D,. This contradiction shows that every 

point in aD, is regular. In particular, a is regular relative to D, and thus clearly 

implies regularity of a relative to D. That completes the proof. 

It has thus been shown that for a half space, a strip, a wedge or in fact any 

simply connected domain D whose complement with respect to the Riemann 

sphere is more than one point the formula 

GD(x, y )  = E~ [log Ixr - y I1 - log Ix - Y l 
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obtains. The above discussion shows the following: If h is harmonic in D, 

continuous on /9, and h(x) = O(Iog I x I ) as I x l ~ ,  then h(x) = E~[h(xr)], 

provided of course that :~ is regular for D. 

The second assertion of Theorem 10 relates to Dirichlet problem. We shall 

consider this a little more generally. 

THEOREM 12. If m is a finite measure which does not charge D or the set of  

irregular points in 8D and s the superharmonic function given by 

(21) s(x) = f K(x - y )m(dy)  

then Exlls(xT)l] < ~  for all x ~ D and 

s(x) = Ex[s(xr)]-  a(x). 

PROOF. Let us assume that m is a probability measure such that the function 

in (21) is superharmonic on the plane. We shall show that 

(22) f E~[IK(x-r-y) l]m(dy)<~,  x E D .  

Assume (22) for the moment and suppose that m charges neither D nor the 

set of irregular points in 8D. s is then harmonic in D. By (18) 

s(x) = [ K(x - y ) m ( d y )  
J 

= J ( E x [ K ( x r -  y ) ] -  a(x))m(dy)  

= ExIs(x , )] -  a(x) 

because by (22) use of Fubini theorem is permitted. 

The proof of (22) runs as follows. For some xo E D, f IK(xo-y) l  m (dy)<  ~. 

Therefore, there is no loss in generality in assuming that f IK(y)l  m ( d y ) < ~  

and that the closed unit disc is contained in D. If D, is the image of D\{O} 

under the map z ~ l/z, OD, is compact. Note that m cannot charge the origin. 

Let n be the image of m under the map z -~ l/z. Just as in the proof of Theorem 

l0 for 0 ~ x  ~ D  

f E~ []K(xr - Y)I] m(dy) 
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I/xED~ and by Lemma 7. fIIoglzllPo,(l/x, dz)<~. By assumption ~ >  

J" qiogIy lira (ay) = f Ilogry IIn (ay). it remains to show that 

f E,[IK(xr-y)lln(dy)<~c, xED, .  

where T, is the exit time from D,. c3D, being compact IK(z - y){ behaves like 

IK(y)I for large lYl uniformly for z E aD. We may thus assume that n has 

compact support. But then K(z - y) is bounded below as z varies in cgDt and y 

in the support of n. Fubini is then applicable and we need only show that 

f E~[K(xr,-y)]n(dy)=E,[f  K(xr , - y )n (dy ) ]  

is finite. By Lemma 7 it is sufficient to show: u is super-harmonic in a 

neighbourhood of a bounded open set D, then E, lu(xr)] < ~  for all x • D, 

T = exit time from D. E~ -[u(xr)l is in fact harmonic in D. That completes the 

proof of the theorem. 

For the sake of completeness let us look at the case when c3D is compact and 

non-polar. In this case, the function a is given by 

(23) a (x) = l log Ix - Y l P- (dy) + log 
!_ 

J c 

where c is the (logarithmic) capacity and ~z the equilibrium distribution for the 

complement of D; in other words, /z solves the Robin's problem for the 

complement of D. To see this let y tend to infinity in(15). (Since xr belongs to 

c3D which is compact) we get 

(24) G(x,~:) = a(x) x E D. 

There is a sequence x, tending to oc for which the measures P,.(xT ~ dz) 
converge weakly to a probability measure /x on cgD. In particular for each 

y E D, l i m , ~  E~. [log Ixr - y II = Y log Iz - y IP- (dz). 
Now let x tend to infinity in (15) along the sequence x,.We obtain from (24) 

a ( y ) = f  l o g l z - y l l z ( d z ) + l i m ,  [K(x, 

Clearly the last term in the above equation is independent of y. (23) has thus 

been proved. It is interesting to compare the above with the results in w p. 

140--148 of [4]. 
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